
Accurate and Robust Pressure Weight Advection Upstream
Splitting Method for Magnetohydrodynamics Equations

Sang-Hoon Han,∗ Jeong-Il Lee,† and Kyu Hong Kim‡

Seoul National University, Seoul 151-742, Republic of Korea

DOI: 10.2514/1.39375

Two variants of the advection upstream splitting method are modified to solve the equations of ideal

magnetohydrodynamics. Discontinuity-sensing functions used in AUSMPW� and M-AUSMPW� for the

magnetohydrodynamics equations are newly defined in consideration of a magnetic field. The new pressure-based

weight functions are shown to effectively remove the oscillations behind a strong shock wave as well as provide a

highly accurate solution for a stationary contact discontinuity. To satisfy the divergence-free constraint of amagnetic

field, the hyperbolic divergence cleaning method is chosen and applied for all the test cases. Ryu and Jones’ one-

dimensional magnetohydrodynamics shock-tube problem and Orszag and Tang’s two-dimensional magneto-

hydrodynamics vortex system are evaluated to validate and show the advantages of the newly developed schemes.

Nomenclature

Bx, By, Bz = magnetic field components in the x, y, and z
c = speed of sound
ca = speed of Alfvén wave
cf = speed of fast magnetosonic wave
ch = speed of transporting divergence errors
cp = dissipative parameter of hyperbolic divergence

cleaning method
cs = speed of slow magnetosonic wave
e = specific total energy
F = flux vector components in x direction
G = flux vector components in y direction
M = Mach number
p = pressure
U = conservative variable vector
u, v, w = velocity components in the x, y and z directions
x, y = Cartesian coordinates
� = ratio of specific heats
� = eigenvalue
� = density
� = convective properties of advection upstream

splitting method
 = Lagrange multiplier

I. Introduction

O VER the past few decades, researchers have shown much
interest inmagnetohydrodynamics (MHD) because of itsmany

possible applications to astrophysics, geophysics, thermonuclear
engineering, electrical engineering, aerospace engineering, and so
on. Because the MHD equations basically consist of a nonlinear
system of equations of fluid dynamics and electrodynamics, they
require the understanding of complex multiphysics. To formulate a

numerical scheme for solving the MHD equations, Yee [1] applied
the staggered grid (Yee grid) method to solve theMaxwell equations
for an electromagnetic field, and this method has beenwidely used to
clean the divergence errors of the MHD equations [2–4]. In the
thermonuclear and fusion fields, various finite element methods such
as NIMROD have been used to analyze MHD flows, and they are
considered appropriate methods for low-speed flow applications [5–
7]. On the other hand, in astrophysics and aerospace engineering,
many applications are characterized by high flow velocity as well as
shock waves. Thus, a numerical method for such MHD applications
should be able to handle discontinuities accurately and stably. For
stable shock capturing, many numerical schemes have been
developed in gas dynamics. Recently, upwind-type schemes have
been recognized to be themost proper scheme for shock capturing. In
this respect, upwind-type schemes are more effective in calculating
high-speed MHD applications than central differencing schemes.

In 1988, a Roe-type linearized Riemann solver was applied to the
MHD equations with the constant � � 2 by Brio and Wu [8]. After
that, other researchers, including Ryu and Jones [9], Balsara [10],
Dai and Woodward [11], Zachary et al [12], Aslan [13], and Harada
et al. [14], have used a linearized Riemann solver to solve the MHD
equations. Specifically, Balsara [10] and Cargo and Gallice [15]
pursued the construction of a Roe-type matrix and the corresponding
Roe-type averages to apply for arbitrary �. Recently, Rossmanith
[16,17] successfully analyzed the ideal MHD equations using the
wave propagation method, which is a kind of linearized Riemann
solver. Basically, linearized Riemann solvers are more accurate than
other upwind-type schemes [Steger and Warming [18], van Leer
[19], and Harten, Lax, and van Leer (HLL) type] because these
solvers can consider all MHD waves physically by using
corresponding eigenvalues [20]. However, they require more
computational time for the eigen decomposition of theMHD system,
especially for multidimensional applications.

As an approximate Riemann solver, the HLL method was
generalized to the MHD equations [21]. However, this method
showed a smeared result in the contact wave similar to that in gas
dynamics because it had no way to recognize the existence of the
discontinuity. In addition, it could not accurately resolve the Alfvén
wave and slow shock discontinuity. To increase the accuracy for a
contact wave, Linde [22] proposed a corrected HLL method, which
included the information of contact discontinuity. This method,
however, lost the positivity characteristic of the HLL-type schemes
for some cases. Similar to Linde’s approach, Gurski’s approach [23]
extended the HLLC (Harten, Lax, and van Leer with contact
restoration) Riemann solver of Euler equations to MHD equations
and proposed an HLLC-type MHD Riemann solver, which was
named smooth HLLC. Li [24] also presented another form of an
HLLC-type solver for MHD equations. Unfortunately, these
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HLLC-type solvers had difficulty in resolvingAlfvénwaves because
they had no information about them. Recently, to resolve Alfvén
waves accurately using an HLLC solver, Miyoshi and Kusano [25]
proposed an HLLD (Harten, Lax, and van Leer discontinuities)
solver that had four intermediate states in the Riemann fan.

As another representative upwind scheme, there is the flux vector
splitting (FVS) method, such as the van Leer and Steger–Warming
schemes. Unfortunately, the Steger–Warming method cannot be
applied directly to ideal MHD equations because it is not
homogeneous of degree one with respect to the state vector [26]. To
apply this method to MHD equations, MacCormack [26] modified
the MHD equations into a conservative form of degree-one
homogeneity by adopting Powell’smodel and then used themodified
Steger–Warming flux-splitting algorithm to solve them. Shang et al.
[27] analyzed the hypersonic blunt body problem using
MacComack’s modified Steger–Warming scheme. Although this
method kept the robustness in capturing the fast shock wave, it had a
basic problem: it could not capture the contact discontinuity
accurately.

As a hybrid scheme having the advantages of both FDS (flux
difference splitting) and FVS (flux vector splitting), AUSM-
(advection upstream splittingmethod) typemethods were developed
for gas dynamics [28]. The AUSM-type schemes promised an
enhanced accuracy over FVS for capturing the contact wave and
offered simpler implementation than the linearized Riemann solver
like Roe’s FDS [28]. In a study related to AUSM-type schemes for
MHD equations, Agarwal and Augustinus [29] first applied the
original AUSM method with first-order spatial accuracy to one-
dimensional cases. Even though it was successfully applied, the
AUSM scheme showed a numerical overshoot at a strong shock
region and also generated a relatively more diffusive result at a
contact discontinuity than a linearized Riemann solver. This was an
interesting result because AUSM has been known as a numerical
scheme that can capture a contact discontinuity accurately in gas
dynamics [28].

No perfect spatial discretized scheme showing accuracy,
robustness, and efficiency simultaneously for MHD equations has
been developed. LinearizedRiemann solvers such asRoe’s FDSmay
provide more accurate results than FVS, HLL, and AUSM-type
schemes. However, they require highly expensive computational
cost, especially inmultidimensional cases. Although FVS, HLL, and
AUSM-type schemes are highly efficient, FVS and HLL schemes
have accuracy problems in resolving waves other than a fast shock
wave, and AUSM-type schemes show an oscillatory behavior in a
strong shock wave. Therefore, the goal of the present paper is to
develop a new spatial discretization scheme, which can provide
higher efficiency than a linearized Riemann solver while retaining
stable shock-capturing ability of the FVS and the accuracy level of a
linearized Riemann solver. AUSMPW� [30] and M-AUSMPW�
[31] schemeswere chosen as the base flux functions andmodified for
the ideal MHD calculations.

The contents of this paper are as follows. In Sec. II, the governing
equations are presented. In Sec. III, a brief explanation of
AUSMPW� =M-AUSMPW� schemes for gas dynamics are
presented. The new discontinuity-sensing terms are introduced for
use in the elimination of the oscillations in MHD waves and the
modified AUSMPW� =M-AUSMPW� schemes for the ideal
MHD equations are presented. In Sec. IV, numerical tests of the
modified AUSMPW� and M-AUSMPW� schemes for the two-
dimensional Orszag–Tang vortex problem are presented, and
concluding remarks are drawn.

II. Governing Equations

Generally, the ideal MHD equations include the continuity, the
momentum, the energy, and the magnetic induction equations, and
there are no magnetic sources in a magnetic field, that is, a magnetic
field has to satisfy the following divergence constraint:

r � B� 0 (1)

Across a shock wave, however, it is difficult to satisfy the
divergence-free constraint in multidimensions [16]. The violation of
the divergence constraint is due to the nonphysical intermediate state
within a numerical shock profile. Because this violation may
frequently lead to severe stability problems, researchers have tried to
enforce the divergence-free constraint in their MHD formulations
such as the projection method [32,33], constraint transport method
[2–4,16,17,32], eight-wave solution method [32,34], and hyperbolic
divergence cleaning method [35–37]. In the present study, the
mixed-type hyperbolic divergence cleaning method (HDCM) by
Dedner [37] was chosen to eliminate divergence errors because it can
be easily implemented without a great modification of the numerical
solver. The modified governing equations of the mixed-type HDCM
can be written as follows:
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where �, p, V, B, e, and  are density, pressure, velocity field,
magnetic field, specific total energy, and Lagrange multiplier,
respectively. Total pressure and specific total energy are given by

pt � p� 1
2
�B2

x � B2
y � B2

z� (4)

�e� p

� � 1
� 1

2
��u2 � v2 �w2� � 1

2
�B2

x � B2
y � B2

z� (5)

In the hyperbolic divergence cleaning method, ch and cp are the
parameters that characterize the hyperbolic and parabolic properties.
The ch and cp are given by

�t� CFL min
�i;j�2D

min

�
�x

cxf
;
�y

cyf

�
i;j

(6)

where

cxf � �f�p� jB
*
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and D is a computational domain

ch �
CFL

�t
min
�i;j�2D

min��x;�y�i;j (7a)
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cp�cd; ch;�t� �

������������������������
��t c2h

ln �cd�

s
; where cd 2 �0; 1� (7b)

The detailed explanations of the hyperbolic divergence cleaning
method are described in [37].

III. Numerical Method

In the present section, AUSMPW� =M-AUSMPW� schemes
[30,31] for gas dynamics are extended to the ideal MHD equations.

A. AUSMPW� for Gas Dynamics

AUSMPW� can be briefly written as follows:

F 1
2
� �M�L c12�L � �M�Rc1

2
�R � �P�LPL � P�RPR� (8)

where P� �0; p; 0�T and �� ��; �u; �H�T . The subscripts 1
2
and

�L; R� represent a cell-interface quantity and the left and right states
across a cell interface, respectively.

�M	L;R is the Mach number interpolation function

m1
2
�M�L �M�R 
 0;

�M�L �M�L �M�R � ��1 � w� � �1� fR� � fL�
�M�R �M�R � w � �1� fR� (9a)

m1
2
< 0;

�M�L �M�L � w � �1� fL�
�M�R �M�R �M�L � ��1 � w� � �1� fL� � fR�� (9b)

where the functions f and w are pressure-based weight functions.
The AUSMPW� has been developed to eliminate the oscillatory

behaviors of AUSM-type schemes. AUSM-type schemes generally
show good accuracy, robustness, and efficiency, which are necessary
characteristics especially in hypersonic and reactive flow
simulations. However, the advection characteristic of AUSM-type
schemes should be treated carefully because it is the direct cause of
numerical overshoots or oscillations. By controlling the advection
characteristic with weight functions f and w, AUSMPW� can
successfully remove the overshoot phenomenon without compro-
mising efficiency and accuracy. Details are in [30].

B. M-AUSMPW� for Gas Dynamics

InM-AUSMPW�, the convective flux is modified from Eqs. (8–
10) to reduce the numerical dissipation in a smooth region
effectively:

F 1
2
� �M�L c12�L;12

� �M�Rc1
2
�R;12
� �P�LPL � R�RPR� (10)

where �L;R;12
is the modified convective quantity in a cell-interface.

TheM-AUSMPW� automatically distinguishes a smooth region
from a rapidly varying region based on the criteria of Eqs. (11a) and
(11b). The convective quantity is modified only in the smooth region
to enhance the solution accuracy. In a rapidly varying region, the
convective quantity is not modified because of stability problems. In
M-AUSMPW�, Eq. (11a) is used as the definition of a rapidly
varying region and Eq. (11b) is that of a smooth region:

Rapidly varying region : ��i � �R <�L � ��i�1 (11a)

Smooth region : ��i � �L <�R � ��i�1 (11b)

where ��i and ��i�1 are the cell averaged values at each cell and �L

and �R are the point values at the cell interface between cell i and
i� 1.

Finally, the convective quantity of theM-AUSMPW� scheme at
the cell-interface is formulated as follows:

�L;12
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max�0; ��R ��L���L;superbee ��L��
��R ��L�j�L;superbee ��Lj

�min

�
a
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2
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�
(12a)
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��L ��R�j�R;superbee ��Rj

�min

�
a
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2
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�
(12b)

where a� 1 �min�1;max�jMLj; jMRj��2. Its derivative is con-
tinuous when the Mach number becomes zero. The details are
presented in [31].

C. Modifications of AUSMPW � =M-AUSMPW� Schemes

for the Ideal MHD Equations

AUSM-type schemes used to analyze the ideal MHD equations
have been investigated in several studies. Agarwal and Augustinus
[29] applied the original AUSM scheme to the ideal MHD equations
for Brio–Wu’s one-dimensional shock-tube problem. Pan et al. [38]
exploited the AUSM� scheme to solve the Brio–Wu one-
dimensional shock-tube problem and the problem of two-
dimensional nozzle flows with a magnetic field. Their studies,
however, were insufficient in proving the accuracy and robustness of
the AUSM-type schemes because they just focused on the
applicability of the AUSM-type scheme to idealMHD flows, and the
test problems that were solved were very simple cases. Also, the
combination with high-order schemes was much more probable to
yield numerical oscillations in a shockwave, which led to calculation
failure. Therefore, in order to analyze theMHD equations accurately
and robustly, the AUSM-type scheme had to be improved to raise its
capability to handle oscillations without loss of accuracy. In the
present study, we used the AUSMPW� =M-AUSMPW� scheme
as the base flux functions and modified them to overcome the
weaknesses of the AUSM-type schemes. The key idea of the
AUSMPW� =M-AUSMPW� scheme is to remove the numerical
oscillation by sensing the discontinuous region and controlling the
advection characteristic with the pressure-based weight functions.
To apply the key idea to the ideal MHD equations, pressure-based
weight functions f andwweremodified to consider amagnetic field.

1. Modification of Function f

To determine an appropriate model for the function f, the one-
dimensional Ryu and Jones [9] shock-tube problem was calculated.
Themodels f1 and f2 were tested and comparedwith each other. One
was the original AUSMPW� model, as in Eq. (13), which only
considers the thermal pressure, and the other one was the modified
model, which considers both thermal pressure and magnetic
pressure, as in Eq. (14). For the pressure-based weight function w,
the original formof theAUSMPW� schemewas used, as in Eq. (15).

Model f1, Original AUSMPW�:

f1;L;R �
�
�pL;pR
ps
� 1�; ps ≠ 0

0; elsewhere
; ps � P�L pL � P�RpR

(13)

Model f2, Modified AUSMPW�:

f2;L;R �
�
�pt;L;pt;R

pts
� 1�; pts ≠ 0

0; elsewhere
; pts � P�L pt;L � P�Rpt;R

(14)

where

pt;L � pL � 1
2
�B2

x � B2
y � B2

z�L

pt;R � pR � 1
2
�B2

x � B2
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z�R
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w�pL; pR� � 1 �min

�
pL
pR
;
pR
pL

�
3

(15)

The initial states of the left and right cells of Ryu and Jones’MHD
shock tube were given by

��; u; v; w; By; Bz; p�L
� �1:08; 1:2; 0:01; 0:5; 3:6=�4��1=2; 3:6=�4��1=2; 0:95� (16a)

��; u; v; w; By; Bz; p�R � �1; 0; 0; 0; 4=�4��1=2; 2=�4��1=2; 1�
(16b)

with Bx � 2=�4��1=2 and � � 5=3.
The CFL number was 0.8, and 800 grid points were used for

numerical calculations. The calculated results were compared and
analyzed at time t� 0:08 s. For this test, the second-order MUSCL-
TVD (monotone upstream-centered scheme for conservation laws-
total variation diminishing) with the van Leer limiter was applied and
the third-order TVD Runge–Kutta method was used for time
integration.

Figures 1 and 2 show the density plots obtained from both models
f1 and f2. In Fig. 2, themagnified rectangular region of Fig. 1, model

f1 shows oscillatory behaviors whereas model f2 eliminates them
effectively by accounting for the effect of the magnetic field in the
function f. Throughout this test, it was confirmed that the
consideration of the magnetic field influenced the discontinuity
capturing ability of AUSMPW� and that model f2 was an
appropriate choice as the pressure-based weight function f for the
ideal MHD equations.

2. Modification of Function w

The other pressure-based weight function w was determined by
procedures similar to those of function f. Onewas the original model
used in the originalAUSMPW� scheme, which only considered the
thermal pressure, as in Eq. (17), and the other one was the modified
model, which used the total pressure (thermal pressure � magnetic
pressure) to consider the effect of the magnetic field, as shown in
Eq. (18). As for the function f, themodifiedmodel f2 of Eq. (14) was
used:

Model w1, Original AUSMPW�:

w1�pL; pR� � 1 �min

�
pL
pR
;
pR
pL

�
3

(17)

Model w2, Modified AUSMPW�:

w2�pt;L; pt;R� � 1 �min

�
pt;L
pt;R

;
pt;R
pt;L

�
3

(18)

where

pt;L � pL � 1
2
�B2

x � B2
y � B2

z�L

pt;R � pR � 1
2
�B2

x � B2
y � B2

z�R

Among the one-dimensional Ryu and Jones MHD shock-tube
problems in [9], the following test case was chosen for determining
the functionw. The initial conditions of the left and right cells for the
test were given by

��; u; v; w; By; Bz; p�L � �1; 0; 0; 0; 1; 0; 1� (19a)

��; u; v; w; By; Bz; p�R � �0:2; 0; 0; 0; 0; 0; 0:1� (19b)

with Bx � 1, � � 5=3.
The CFL number was 0.8, and 800 grid points were used. For this

test, the second-order MUSCL-TVD with the van Leer limiter was
applied, and the third-order TVD Runge—Kutta method was used
for time integration. Figure 3 shows spatial distributions of the
density for the models w1 and w2. To investigate the numerical
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characteristics of the models precisely, the rectangular region in
Fig. 3 was enlarged. As shown in Fig. 4, the modified modelw2 can
eliminate the numerical oscillations dramatically whereas the
original model w1 shows higher oscillations. In Ryu and Jones’
MHD shock-tube problems, it was proven that the modified
functions f2 and w2 could remove the numerical oscillations
effectively by taking the magnetic field into account.

3. Advantage of f2 and w2 in Capturing Stationary Contact

Discontinuity

The modified pressure-based weight functions, f2 and w2, have
the advantage in capturing a stationary contact discontinuity ofMHD
equations. Generally, a contact discontinuity is characterized by a
zero normal velocity Vn � 0 and a nonzero density jump �L ≠ �R
across the discontinuity. TheMHDequations have these two kinds of
contact discontinuities [39]. When the normal magnetic field is not
zero Bn ≠ 0 the jump conditions’ characteristics are as follows: the
constant tangential velocity, magnetic field and pressure,
Vt;L � Vt;R, BL �BR, and pL � pR, that is, the density only
changes across the discontinuity, and this is commonly called a
contact discontinuity. The other type occurs when Bn � 0 and it has
the following jump conditions: Vt;L ≠ Vt;R, Bt;L ≠ Bt;R, and
constant total pressure, pL � B2

L=2� pR �B2
R=2. This type of

contact discontinuity is called a tangential discontinuity.
To capture the discontinuities exactly, the numerical fluxes must

be equal to the following exact fluxes for stationary contact and
tangential discontinuities across a cell interface in Fig. 5.

1) Contact discontinuity:

mass flux : F1;exact � 0 (20a)

momentum flux: F2;x;exact � pt;L � B2
x;L

F2;y;exact ��By;LBx;L; F2;z;exact ��Bz;LBx;L
(20b)

magnetic flux : F3;x;exact � 0; F3;y;exact ��Bx;LvL
F3;z;exact ��Bx;LwL

(20c)

energy flux : F4;exact ��Bx;L�vLBy;L �wLBz;L� (20d)

2) Tangential discontinuity:

mass flux : F1;exact � 0 (21a)

momentum flux : F2;x;exact � pt;L; F2;y;exact � 0

F2;z;exact � 0
(21b)

magnetic flux : F3;x;exact � 0; F3;y;exact � 0; F3;z;exact � 0

(21c)

energy flux : F4;exact � 0 (21d)

3) The numerical mass flux of AUSMPW� using the modified
pressure-based weight functions f2 andw2 for contact and tangential
discontinuities can be written by

F1� �M�L c12�L� �M�Rc1
2
�R�f14 �w2 � �1�f2;R�

� 1
4
�f2;R�f2;L�gc1

2
�L�f�1

4
�w2 � �1�f2;R�gc1

2
�R�F1;exact� 0

(22)

For the exact mass flux, that is, F1 � F1;exact � 0 w2 has to be zero
and f2;L has to be equal to f2;R. Because the total pressure (thermal
pressure � magnetic pressure) is conserved across the both contact
and tangential discontinuities,

w2 � 1 �min�pt;L=pt;R; pt;R=pt;L�3

automatically becomes zero and f2;L � f2;R � 0. Thus, numerical
mass flux F1 of modified AUSMPW� equals the exact mass flux in
Eq. (20a) and (21a).

4) Momentum flux:

F2;x � �M�L c1
2
��u�L � �M�Rc1

2
��u�R � �P�L pt;L � P�Rpt;R�

�
B2
x;L � B2

x;R

2
� pt;L �

B2
x;L � B2

x;R

2
(23a)

contact discontinuity : F2;x � pt;L � B2
x;L � F2;x;exact (23b)

tangential discontinuity : F2;x � pt;L � F2;x;exact (23c)

F2;y � �M�L c12��v�L � �M�Rc1
2
��v�R � �P�L � 0� P�R � 0�

�
�By;LBx;L � By;RBx;R�

2
��
�By;LBx;L � By;RBx;R�

2
(24a)

contact discontinuity :F2;y ��By;LBx;L � F2;y;exact (24b)

tangential discontinuity :F2;y � 0� F2;y;exact (24c)
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F2;z � �M�L c1
2
��w�L � �M�Rc1

2
��w�R � �P�L � 0� P�R � 0�

� �Bz;LBx;L � Bz;RBx;R�
2

�� �Bz;LBx;L � Bz;RBx;R�
2

(25a)

contact discontinuity :F2;z ��Bz;L:Bx;L � F2;z;exact (25b)

tangential discontinuity :F2;z � 0� F2;z;exact (25c)

5) Magnetic flux:

F3;x � �M�L c12Bx;L � �M�Rc1
2
Bx;R � �P�L ��Bx;LuL�

� P�R��Bx;RuR�� � 0 (26a)

contact discontinuity :F3;x � 0� F3;x;exact (26b)

tangential discontinuity :F3;x � 0� F3;x;exact (26c)

F3;y � �M�L c12By;L � �M�Rc1
2
By;R � �P�L ��Bx;LvL�

� P�R��Bx;RvR�� �
�Bx;LvL � Bx;RvR

2
(27a)

contact discontinuity :F3;y ��Bx;LvL � F3;y;exact (27b)

tangential discontinuity :F3;y � 0� F3;y;exact (27c)

F3;y � �M�L c12Bz;L � �M�Rc1
2
Bz;R � �P�L ��Bx;LwL�

� P�R��Bx;RwR�� �
�Bx;LwL � Bx;RwR

2
(28a)

contact discontinuity :F3;z ��Bx;LwL � F3;z;exact (28b)

tangential discontinuity :F3;z � 0� F3;z;exact (28c)

6) Energy flux:

F4� �M�L c1
2
��e�pt�L� �M�Rc1

2
��e�pt�R�P�L ��Bx;L�V �B�L�

�P�R ��Bx;R�V �B�R��
�Bx;L�V �B�L�Bx;R�V �B�R

2
(29a)

contact discontinuity :F4 ��Bx;L�vLBy;L �wLBz;L� � F4;z;exact

(29b)

tangential discontinuity :F4;z � 0� F4;exact (29c)

Because all numerical fluxes across contact discontinuities are
exactly the same as the physical fluxes, the modified AUSMPW�
can capture stationary contact and tangential discontinuities
perfectly. The modified ASUMPW� using f2 and w2 functions

was tested for the following conditions of stationary contact and
tangential discontinuities.

Contact discontinuity:

��; u; v; w; Bx; By; Bz; p�L � �1; 0; 0; 0; 1; 0; 0; 1�
��; u; v; w; Bx; By; Bz; p�R � �10; 0; 0; 0; 1; 0; 0; 1�

(30)

Tangential discontinuity:

��; u; v; w; Bx; By; Bz; p�L � �1; 0; 5; 5; 0; 2; 1; 2:5�

��; u; v; w; Bx; By; Bz; p�R � �10; 0; 1; 1; 0;
���
5
p
;
���
3
p
; 2�

(31)

The results show that AUSMPW� using the modified pressure-
based weight functions can calculate a stationary contact and a
tangential discontinuity exactly and do not have any dissipation,
whereas the original AUSMPW� generates numerical dissipation
for the tangential discontinuity, as shown in Fig. 6.

Conclusively, the modified pressure-based weight functions f2
and w2 defined in terms of the total pressure can handle numerical
oscillations at a strong shock wave, and they can resolve stationary
contact and tangential discontinuities without any dissipation.

4. Accuracy Improvement by M-AUSMPW� Scheme

The newly modifiedAUSMPW� scheme for the ideal MHDwas
compared with a Roe-type linearized Riemann solver to investigate
its accuracy, especially with respect to a moving contact
discontinuity. The Ryu and Jones MHD shock-tube problem, which
was the test problem for determining the function f, was calculated
again. The CFL number was 0.8, 2000 grid points were used, and all
other conditions were the same as those of the previous calculations.

Figure 7 shows spatial distributions of density calculated by the
modified AUSMPW� scheme and Roe-type linearized Riemann
solvers, which were constructed by referring to [8,34]. As seen in
Fig. 8, the magnified elliptic region of Fig. 7, the Roe-type solver
produces a severe oscillatory phenomenon behind the strong shock
wave whereas the modified AUSMPW� scheme restricts the
oscillations effectively by using the modified pressure-based weight
functions. However, in Fig. 9a, which is the enlarged profile of
moving contact discontinuity, the modified AUSMPW� scheme
captures it more diffusively than Roe-type linearized Riemann
solvers, that is, the modified AUSMPW� has more numerical
dissipation at themoving contact wave. Thus, in order to enhance the
accuracy at a moving contact discontinuity, the M-AUSMPW�
scheme, which was designed to minimize numerical dissipation, is
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introduced here. The convective quantity at a cell interface for MHD
equations is shown in Eqs. (12a) and (12b) where

a� 1 �min�1;max�jMLj; jMRj��2

The speed of a fast magnetosonic wave is used to define the Mach
number, that is,M� u

cf
.

As seen in Fig. 9, the results computed by the modified
M-AUSMPW� show amore enhanced accuracy in all MHDwaves,
including rotational discontinuities and slow shock waves, than
those by the modified AUSMPW� and even those by the Roe-type
solver. It is interesting that in Figs. 9c and 9e, which represent the
right slow shock wave and right rotational discontinuities,
respectively, the modified AUSMPW� is seen to be more accurate
than the Roe-type solver whereas the opposite results are observed
from Figs. 9b and 9d.

D. Extension of Modified AUSMPW � =M-AUSMPW� Schemes

to Two-Dimensional MHD Equations

Themodified numericalflux ofAUSMPW� =M-AUSMPW� in
two dimensions can be summarized as follows:

� �

�
�u
�v
�w
Bx
By
Bz

��e� pt�
0

2
6666666666664

3
7777777777775
; P�

0

�xpt
�ypt
0

� �Bn;12u

� �Bn;12v

� �Bn;12w

� �Bn;12�V � B�
0

2
66666666666664

3
77777777777775

FB �

0

�Bx �Bn;12
�By �Bn;12
�Bz �Bn;12
�x 
�y 
0

0

c2h �Bn

2
6666666666664

3
7777777777775

(32)

where �Bn � �xBx � �yBy and �Bn;12 �
1
2
� �Bn;L � �Bn;R�.

F1
2
� �M�L c1

2
�L;12
� �M�Rc1

2
�R;12
� �P�LPL � P�RPR�

� 1
2
�FB;L � FB;R� (33)

where

m1
2
�M�L �M�R 
 0

�M�L �M�L �M�R � ��1 � w� � �1� fR� � fL�
�M�R �M�R � w � �1� fR�

and

m1
2
< 0; �M�L �M�L � w � �1� fL�

�M�R �M�R �M�L � ��1 � w� � �1� fL� � fR��

l) A modified pressure-based weight functions f andw are shown

f2;L;R �
�
�pt;L;pt;R

pts
� 1�; pts ≠ 0

0; elsewhere
; pts � P�L pt;L � P�Rpt;R

w2�pt;L; pt;R� � 1 �min

�
pt;L
pt;R

;
pt;R
pt;L

�
3

(18)

where

pt;L � pL � 1
2
�B2

x � B2
y � B2

z�L

and

pt;R � pR � 1
2
�B2

x � B2
y � B2

z�R

2) A modified AUSMPW� scheme is shown as

� L;12
��L; �R;12

��R (34)

3) A modifiedM-AUSMPW� scheme is shown as

�L;12
��L �

max�0; ��R ��L���L;superbee ��L��
��R ��L�j�L;superbee ��Lj

�min

�
a
j�R ��Lj

2
; j�L;superbee ��Lj

�
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�R;12
��R �

max�0; ��L ��R���R;superbee ��R��
��L ��R�j�R;superbee ��Rj

�min

�
a
j�L ��Rj

2
; j�R;superbee ��Rj

�

where

a� 1 �min

�
1;max

����� uLcf;L
����;
���� uRcf;R

����
��

2

IV. Numerical Results

In this section, the modified AUSMPW� =M-AUSMPW�
schemes for the ideal MHD equations are verified by application to
the two-dimensional Orszag–Tang MHD vortex problem. The
modified AUSMPW� =M-AUSMWP� schemes are compared
with the Roe-type linearized Riemann solver with respect to
accuracy, robustness, and efficiency.

For a two-dimensional numerical test, we chose the Orszag–Tang
MHD vortex problem. Because it includes interactions of several
shocks generated from the MHD equations and shows the crucial
characteristics of an MHD vortex well, it is considered as one of the
standard cases used to validate two-dimensional MHD codes
[40,41].

The initial conditions are given by

��x; y; 0� � �2; u�x; y; 0� � � sin y; v�x; y; 0� � sin x

(35a)

p�x; y; 0� � �; Bx�x; y; 0� � � sin y; By�x; y; 0� � sin 2x

(35b)

where � is 5/3.
The root-mean-square values of initial velocity and magnetic field

are one, and the average Mach number is one. Double-periodic
boundary conditions are given for both x and y directions.

All the CFL numbers used for the calculations are 0.8, and cd in
Eq. (7b) is 0.9. The computational domain is �0; 2�� � �0; 2�� with a
uniform grid system. MUSCL–TVD with the van Leer limiter was
used for the spatial interpolation, and the third-order TVD Runge–
Kutta method was used for time integration. For the grid refinement
study, our code was parallelized using the message passing interface
(MPI) library.

The grid refinement tests were performed on 200 � 200,
400 � 400, 600 � 600, 800 � 800, 1000 � 1000, 1200 � 1200,
1400 � 1400, and 1600 � 1600 grid systems for the modified
AUSMPW�, modified M-AUSMPW�, and Roe-type linearized
Riemann solver, respectively. Pressure contours computed on the
200 � 200, 400 � 400, 800 � 800, and 1600 � 1600 grid systems
using the modified AUSMPW� are shown in Fig. 10 at time t� 3,
respectively. Figure 11 shows the pressure lines plotted along the line
AB in Fig. 10. As shown in Fig. 11, the results computed over the
400 � 400 grid size reached the grid convergence solution except for
circular regions. Because these regions had a complexflow pattern, it
was difficult to obtain the grid convergence solution even with the
1600 � 1600 grid size. It is expected from Fig. 12 that the grid
convergence solution may be obtained on more than a 2000 � 2000
grid system in the region A. In the present paper, due to the memory
limitation of our parallel machine, the results computed on the
1600 � 1600 grid system by using the modified AUSMPW�
scheme with the van Leer limiter was determined as the reference
solution of the Orszag–Tang vortex problem.

To compare the accuracy of the developed schemeswith that of the
Roe-type linearized Riemann solver, the results from the schemes
and the solver were compared with the reference solution. The
computations of the Roe-type linearized Riemann solver using the
van Leer limiter were run successfully on the grid systems from
200 � 200 to 1000 � 1000 without entropy fix. However, the Roe-

type solver failed to provide a solution over the 1200 � 1200 grid
system because of numerical oscillations. On the other hand,
modifiedAUSMPW� andM-AUSMPW�were smoothly run up to
the 1600 � 1600 grid system even with the van Leer limiter. As
shown in Fig. 13, the result of the modified M-AUSMPW� on the
800 � 800 grid system is closer to the reference solution than that of
the Roe-type solver and that of the modified AUSMPW� with the
same grid size. In addition, the results of modified M-AUSMPW�
computed on the 1400 � 1400 and the 1200 � 1200 grid system are
almost the same as those of modified AUSMPW� on the 1600 �
1600 (reference solution) and the 1400 � 1400 grid system,
respectively. It seems that the modifiedM-AUSMPW� had the least
amount of numerical dissipation among the other schemes and it can
resolve the complex flows more accurately with a coarser grid
system.

 b) a)

BA

d)c)

Fig. 10 Pressure contours by the modified AUSMPW� at time t� 3.

Shown are the results solved on a) 200 � 200, b) 400 � 400, c) 800 � 800,
and d) 1600 � 1600 grid systems.
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Concerning robustness, it was confirmed again through this test
that the modified pressure-based weight functions were effective for
improving robustness because they removed oscillations signifi-
cantly. The original AUSMPW� scheme could not perform the
calculations stably even with the min-mod limiter because the
original pressure-based weight functions could not take a magnetic

field into account. Thus, it could not keepr � B
*

as small values, and it
ultimately amplified the divergence errors, as in Fig. 14. As shown in
Fig. 15a, severe numerical oscillations of By are observed at the
center of top and bottom sides, and in these regions all the primitive
variables also oscillated. Because of the nonphysical oscillations, the
computations by the original AUSMPW� resulted in a blowup. On
the other hand, because the modified pressure-based weight
functions showed good ability for removing the oscillations, they
provided nonoscillatory solutions, as shown in Fig. 15b.

Finally, we compared the computational efficiency of each
scheme, and the results are tabulated in Table 1. The computations
weremainly run on the parallel machinewith 16 processors (2.0GHz

and 1 GB RAM per processor). As shown in Table 1, the modified
AUSMPW� had the superior efficiency. On the other hand, theRoe-
type linearized Riemann solver took over one and a half times the
computational time of themodifiedAUSMPW�. The results ofRoe-
type solver in Table 1 may change slightly according to how to
construct the numerical dissipation term. However, it is not easy to
reduce the computational time because linearized Riemann solvers
basically have the eigen-decomposition process in the construction
of numerical dissipation. In addition, linearizedRiemann solverswill
require explicitly more computational time for three-dimensional
problems.
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Fig. 15 Comparison of magnetic field By between the a) original

AUSMPW� and b) modified AUSMPW� scheme at time t� 1:4.
Original AUSMPW� produces severe oscillations at the center of the
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Table 1 Required time for calculation of Orszag and Tang’s [40]

vortex problem

Scheme AUSMPW� M-AUSMPW� Roe-type FDS

400 � 400 1 1.21 1.52
600 � 600 1 1.25 1.54
800 � 800 1 1.23 1.52
1600 � 1600 1 1.22
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V. Conclusion

Modified AUSMPW� =M-AUSMPW� schemes were pre-
sented to solve the idealMHD equations. To constructAUSMPW�
=M-AUSMPW� appropriate for the ideal MHD equations, the
pressure-based weight functions f andwwere modified to sense the
jumps of magnetic pressure as well as thermal pressure at MHD
discontinuities. The modified AUSMPW� =M-AUSMPW�
schemes have the following desirable characteristics in solving the
MHD equations.

First, they can remove numerical oscillations effectively behind a
strong shock wave. Second, they can guarantee the capture of a
stationary contact discontinuity without any numerical dissipation.
In addition, the modified M-AUSMPW� showed enhanced
accuracy in a moving contact discontinuity because it was originally
designed to minimize numerical dissipation. Third, they were more
efficient than a linearized Riemann solver because they did not need
the complex eigen-decomposition process of the MHD equations.
Through the one-dimensional Ryu and Jones’ shock-tube tests,
stationary contact tests, and the two-dimensional Orszag–Tang
MHD vortex problem, it was confirmed that the modified
AUSMPW� =M-AUSMPW� could solve the complicated
physical phenomenon of MHD systems with enhanced accuracy,
robustness, and efficiency.
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